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Abstract

The aim of this paper is to present estimates for the rate of pointwise convergence of the

Bézier–Kantorovich modification of the discrete Feller operators in some classes of

measurable functions bounded on an interval I ; in particular, for functions of bounded pth

power variation on I : Our theorems generalize and extend the recent results of Zeng and

Piriou (J. Approx. Theory 95(1998) 369; 104(2000) 330) for the kantorovichians of the

Bernstein–Bézier operators in the class of functions of bounded variation in the Jordan sense

on ½0; 1�:
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Let MðIÞ be the class of all measurable real-valued functions bounded on an
interval ID½0;NÞ: For fAMðIÞ; the discrete Feller operator is defined by

Ln f ðxÞ :¼ E f ðSn;x=nÞ ¼
X
jAJn

f ð j=nÞpn; jðxÞ; ð1Þ

where nAN; xAI ; fpn; jðxÞ: xAI ; jAJng is the distribution of the sum Sn;x :¼ X1;x þ
X2;x þ?þ Xn;x and fXk;x: kANg is a sequence of independent and identically
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distributed random variables with expectation EXk;x ¼ x for all kAN and finite

variance s2ðxÞ [2, p. 218]. We assume that the weights pn; j are continuous on I and

that the sets Jn are of the form Jn ¼ N0 :¼ N,f0g for all nAN; or Jn ¼
f0; 1;y;mng; where mnAN and mnpmnþ1 for all nAN: As in [9], we introduce the
Bézier basis functions

qn;kðxÞ :¼
X

jAJn; jXk

pn; jðxÞ for kAJn;

qn;lðxÞ ¼ 0 for all l4mn if Jn ¼ f0; 1;y;mng; and Q
ðaÞ
n;kðxÞ :¼ qan;kðxÞ 	 qa

n;kþ1ðxÞ;
where a40: The discrete Bézier–type operator Ln; a related to (1) and its

Kantorovich-type modification L

n; a are defined by

Ln; a f ðxÞ :¼
X
kAJn

f ðk=nÞQðaÞ
n;kðxÞ ð2Þ

and

L

n; a f ðxÞ :¼

X
kAJn

jIn;kj	1
Q

ðaÞ
n;kðxÞ

Z
In;k

f ðtÞ dt; ð3Þ

where In;k ¼ ½an;k; an;kþ1� are the intervals such that k=nAIn;k for all kAJn; I ¼S
kAJn

In;k and jIn;kj denotes the measure of In;k:

Recently, Zeng and Piriou [8,9] studied some approximation properties of the
special operators Bn; a f and B


n; a f given by (2) and (3), related to the classical

Bernstein polynomials Ln f � Bn f : In particular, they gave estimates for the rate of
pointwise convergence of Bn; a f ðxÞ and B


n; a f ðxÞ for functions f of bounded

variation in the Jordan sense on I ¼ ½0; 1�: Some extensions and generalizations of
their results to a general class of operators (2) (with aX1) can be found in [7]. In this
paper we present general estimates for the rate of convergence of L


n; a f ðxÞ in the case

where fAMðIÞ and f possesses the one-sided limits f ðxþÞ; f ðx	Þ at a fixed point
xAInt I : In our estimates we use the auxiliary function gx; continuous at x; defined
for tAI by

gxðtÞ ¼
f ðtÞ 	 f ðxþÞ if t4x;

0 if t ¼ x;

f ðtÞ 	 f ðx	Þ if tox;

8><
>: ð4Þ

and the so-called modulus of variation vkðgx;Y Þ; kAN0; of this function on some
intervals YDI : The modulus of variation of a function was first introduced by
Lagrange [5]. Some interesting properties of this modulus and its application in the
theory of Fourier series were investigated in the papers of Chanturiya (see e.g. [1]).
The modulus of variation of a function g on an interval Y ¼ ½c; d� is defined as
follows: if k ¼ 0 then v0ðg;YÞ ¼ 0; if kAN then

vkðg;YÞ � vkðg; c; dÞ :¼ sup
Xk

i¼1

jgðtiÞ 	 gðtiÞj
( )

;
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the supremum being taken over all systems
Q

k of k non-overlapping intervals ðti; tiÞ
contained in Y : Clearly, vkðg;YÞpvkþ1ðg;YÞ for all kAN0 and vkðg;ZÞpvkðg;YÞ for
any interval ZCY : If gABVpðY Þ; pX1; i.e. if g is of bounded pth power variation on

Y ; then for every kAN;

vkðg;YÞpk1	1=pVpðg;YÞ; ð5Þ

where Vpðg;Y Þ denotes the total pth power variation of g on Y ; defined as the upper

bound of the set of numbers ðSjjgðujÞ 	 gðsjÞjpÞ1=p over all finite systems of non-

overlapping intervals ðuj; sjÞCY :

In order to formulate the main results, we introduce the moments

m
n;gðxÞ :¼L

n;1ðjx 	 jgÞðxÞ

¼
X
kAJn

jIn;kj	1
pn;kðxÞ

Z
In;k

jt 	 xjg dt;

where nAN; g40; and we assume that m
n;gðxÞoN (with some g occurring below).

We restrict ourselves only to the points xAI at which

s2ðxÞ40 and bðxÞ :¼
X
jAJ1

j j 	 xj3p1; jðxÞoN: ð6Þ

(We adopt the convention that S0
1 ¼ 0:)

Theorem 1. Let fAMðIÞ and let at a fixed point xAInt I the assumptions (6) hold and

the one-sided limits f ðxþÞ; f ðx	Þ exist. Then

jL

n; a f ðxÞ 	 2	a f ðxþÞ 	 ð1	 2	aÞ f ðx	Þj

p2ðð1þ 8nlðaÞn ðxÞÞ
Xm	1

j¼1

1

j3
vjðgx;Yxð j=

ffiffiffi
n

p
ÞÞ þ 1

m2
vmðgx;Yxð1ÞÞ

 !

þ 2Wxð1ÞlðaÞn ðxÞv1ðgx; IÞ þ Aa
DðxÞffiffiffi

n
p j f ðxþÞ 	 f ðx	Þj

for nXn0ða; xÞ; where m ¼ ½
ffiffiffi
n

p
�;YxðhÞ ¼ ½x 	 h; x þ h�-I ; n0ða; xÞ ¼ 1 if aX1;

n0ða; xÞ ¼ ð4bðxÞ=s3ðxÞÞ2 if 0oao1;

lðaÞn ðxÞ ¼
am
n;2ðxÞ if aX1;

21	aðm
n;2=aðxÞÞ
a

if 0oao1;

(
ð7Þ
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Wxð1Þ ¼ 0 if neither of the points x 	 1; x þ 1 belongs to Int I ; Wxð1Þ ¼ 1 otherwise,
Aa ¼ maxf1; ag; and

DðxÞ ¼ 5bðxÞ
2s3ðxÞ þ

1ffiffiffiffiffiffi
2p

p
sðxÞ

: ð8Þ

Note that for many known operators there exist a non-negative function ca and a
positive integer nðaÞ such that

lðaÞn ðxÞpcaðxÞn	1 for all xAI ; nXnðaÞ: ð9Þ

Theorem 2. Let fABVpðIÞ; pX1; and let condition (9) hold. Then for every xAInt I at

which (6) is satisfied and for every nXmaxfn0ða; xÞ; nðaÞg we have

jL

n; a f ðxÞ 	 2	a f ðxþÞ 	 ð1	 2	aÞ f ðx	Þj

p
16ð1þ 8caðxÞÞ

ð
ffiffiffi
n

p
Þ1þ1=p

Xn

k¼1

1

ð
ffiffiffi
k

p
Þ1	1=p

Vpðgx;Yxð1=
ffiffiffi
k

p
ÞÞ

þ 2

n
Wxð1ÞcaðxÞVpðgx; IÞ þ Aa

DðxÞffiffiffi
n

p j f ðxþÞ 	 f ðx	Þj;

where YxðhÞ; n0ða; xÞ; Wxð1Þ;Aa;DðxÞ are as in Theorem 1.

If fABV1ðIÞ; where I ¼ ½0; 1�; and if L

n; a f � B


n; a f are the Bézier–Kantorovich

modifications of the Bernstein polynomials, then our Theorem 2 (with p ¼ 1) is
equivalent to the corresponding results given in [8,9]. Note that the estimate for
B


n; a f following from our Theorem 2 has a slightly different form from that of [9],

but in case aX1 it holds for all nAN (cf. [9, Theorem 2]).

2. Preliminary results

We first recall that Q
ðaÞ
n;kðxÞX0 and

X
kAJn

Q
ðaÞ
n;kðxÞ ¼

X
jAJn

pn; jðxÞ
 !a

¼ 1 for all a40:

In view of the obvious inequality jua 	 vajpaju 	 vj ð0pu; vp1; aX1Þ we have

Q
ðaÞ
n;kðxÞpaðqn;kðxÞ 	 qn;kþ1ðxÞÞ ¼ apn;kðxÞ if aX1: ð10Þ

Arguing similarly to the proof of Lemma 2 in [8] one can easily verify that

apn;kðxÞpQ
ðaÞ
n;kðxÞppa

n;kðxÞ if 0oao1: ð11Þ

Now, let us represent operator (3) in the form

L

n; a f ðxÞ ¼

Z
I

f ðtÞHðaÞ
n ðx; tÞ dt; ð12Þ
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where

HðaÞ
n ðx; tÞ ¼

X
kAJn

jIn;kj	1
Q

ðaÞ
n;kðxÞwn;kðtÞ

and wn;k are the characteristic functions of the intervals In;k:

Lemma 1. Let x; sAI : If sox; then

Z
tAI ;tps

HðaÞ
n ðx; tÞ dtp

Aa

ðx 	 sÞ2
m
n;2ðxÞ; ð13Þ

where Aa ¼ maxf1; ag: If xos; then

Z
tAI ;tXs

HðaÞ
n ðx; tÞ dtp

Ba

ðs 	 xÞ2
ðm
n;2gðxÞÞ

1=g; ð14Þ

where Ba ¼ a and g ¼ 1 if aX1; Ba ¼ 21	a and g ¼ 1=a if 0oao1:

Proof. Clearly, in case aX1 and sox we have

Z
tps

HðaÞ
n ðx; tÞ dtp

1

ðx 	 sÞ2
Z

tps

ðx 	 tÞ2HðaÞ
n ðx; tÞ dtp

a

ðx 	 sÞ2
m
n;2ðxÞ;

by (10). The same bound remains valid for the integral
R

tXs
H

ðaÞ
n ðx; tÞ dt with aX1

and xos:
Consider now the case where 0oao1: Choose the integer lAJn such that sAIn;l ¼

½an;l ; an;lþ1�: Then, s ¼ an;l þ ejIn;l j with some eA½0; 1� and, if sox;

Z
tps

HðaÞ
n ðx; tÞ dt ¼

Xl	1

k¼0

Q
ðaÞ
n;kðxÞ þ eQðaÞ

n;l ðxÞ

¼ 1	 ð1	 eÞqan;lðxÞ 	 eqa
n;lþ1ðxÞ

p 1	 ð1	 eÞqn;lðxÞ 	 eqn;lþ1ðxÞ

¼
Xl	1

k¼0

Q
ð1Þ
n;kðxÞ þ eQð1Þ

n;l ðxÞ ¼
Z

tps

Hð1Þ
n ðx; tÞ dt

p
1

ðx 	 sÞ2
m
n;2ðxÞ:
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This completes the proof of (13). If s4x; then in view of (11),Z
tXs

HðaÞ
n ðx; tÞ dt ¼Q

ðaÞ
n;l ðxÞjIn;l j	1ðan;lþ1 	 sÞ þ

X
kXlþ1

Q
ðaÞ
n;kðxÞ

¼Q
ðaÞ
n;l ðxÞjIn;l j	1ðan;lþ1 	 sÞ þ

X
kXlþ1

pn;kðxÞ
 !a

p pa
n;lðxÞ þ

X
kXlþ1

pn;kðxÞ
 !a

p21	a
X
kXl

pn;kðxÞ
 !a

p
21	a

ðs 	 xÞ2
X
kXl

pn;kðxÞjIn;kj	1

Z
In;k

jt 	 xj2=a dt

 !a

p
21	a

ðs 	 xÞ2
ðm
n;2=aðxÞÞ

a:

Hence inequality (14) follows. &

Lemma 2. Let xAI and let IxðhÞ ¼ ½x þ h; x�-I if ho0; IxðhÞ ¼ ½x; x þ h�-I if

h40: Suppose that g is a function bounded and measurable on IxðhÞ and that gðxÞ ¼ 0:
Then for all nAN we haveZ

IxðhÞ
gðtÞHðaÞ

n ðx; tÞ dt

�����
�����

p 1þ 8n

h2
lðaÞn ðxÞ

� � Xm	1

j¼1

1

j3
vjðg; Ixð jh=

ffiffiffi
n

p
ÞÞ þ 1

m2
vmðg; IxðhÞÞ

 !
;

where m ¼ ½
ffiffiffi
n

p
� and lðaÞn ðxÞ is defined by (7).

Proof. Restricting the proof to h40; we define the points tj :¼ x þ jh=
ffiffiffi
n

p
for j ¼

1; 2;y; r; where r is the largest integer such that trAInt IxðhÞ and we denote by trþ1

the right end point of the interval IxðhÞ: Let Tj :¼ ½x; tj� for j ¼ 1; 2;y; r þ 1: ThenZ
IxðhÞ

gðtÞHðaÞ
n ðx; tÞ dt ¼

Z t1

x

gðtÞHðaÞ
n ðx; tÞ dt þ

Xr

j¼1

gðtjÞ
Z tjþ1

tj

HðaÞ
n ðx; tÞ dt

þ
Xr

j¼1

Z tjþ1

tj

ðgðtÞ 	 gðtjÞÞHðaÞ
n ðx; tÞ

¼K1 þ K2 þ K3; say:

Clearly,

jK1jp
Z t1

x

jgðtÞ 	 gðxÞjHðaÞ
n ðx; tÞ dtpv1ðg;T1Þ:
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Assume rX2: By the Abel transformation and (14) we have

jK2jp jgðt1Þj
Z trþ1

t1

HðaÞ
n ðx; tÞ dt þ

Xr	1

j¼1

jgðtjþ1Þ 	 gðtjÞj
Z trþ1

tjþ1

HðaÞ
n ðx; tÞ dt

p nh	2lðaÞn ðxÞ jgðt1Þj þ
Xr	1

j¼1

jgðtjþ1Þ 	 gðtjÞjð j þ 1Þ	2

 !
;

where lðaÞn ðxÞ ¼ am
n;2ðxÞ if aX1; lðaÞn ðxÞ ¼ 21	aðm
n;2=aðxÞÞ
a if 0oao1:

Using again the Abel transformation and applying some elementary properties of
the modulus of variation we obtain

jK2jp nh	2lðaÞn ðxÞ jgðt1Þ 	 gðxÞj þ
Xr	1

j¼1

jgðtjþ1Þ 	 gðtjÞj
1

r2

 

þ
Xr	2

j¼1

Xj

i¼1

jgðtiþ1Þ 	 gðtiÞj
1

ð j þ 1Þ2
	 1

ð j þ 2Þ2

 !!

p nh	2lðaÞn ðxÞ v1ðg;T1Þ þ
1

r2
vr	1ðg;TrÞ þ 2

Xr	2

j¼1

vjðg;Tjþ1Þ
ð j þ 1Þ3

 !

p nh	2lðaÞn ðxÞ 2
Xr	1

j¼1

1

j3
vjðg;TjÞ þ

1

r2
vrðg;TrÞ

 !
:

Further, in view of (14),

jK3jpnh	2lðaÞn ðxÞ
Xr

j¼1

1

j2
v1ðg; tj; tjþ1Þ:

Applying the Abel transformation gives

jK3jpnh	2lðaÞn ðxÞ 6
Xr

j¼2

1

j3
vjðg;TjÞ þ

1

r2
vrðg;Trþ1Þ

 !
:

If rX2; rom; then

1

r2
vrðg;Trþ1Þp4

Xm

j¼rþ1

1

j3
vjðg;TjÞ þ

1

m2
vmðg;Tmþ1Þ

and consequently,

jK2 þ K3jp8nh	2lðaÞn ðxÞ
Xm	1

j¼1

1

j3
vjðg;TjÞ þ

1

m2
vmðg;Tmþ1Þ

 !
:

Collecting the results and observing that Tj ¼ Ixð jh=
ffiffiffi
n

p
Þ we get the desired estimate

for h40;mX2: A trivial verification shows that it also holds for m ¼ 1:
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If ho0 then the proof runs analogously. In this case we use inequality (13) instead
of (14) and we observe that

m
n;2ðxÞpðm
n;2=aðxÞÞ
a if 0oao1;

so that right-hand side of (13) can be replaced by lðaÞn ðxÞ=ðx 	 sÞ2: &

Lemma 3. Let assumptions (6) hold at a fixed xAInt I and let

sgnðaÞx ðtÞ :¼
2a 	 1 if t4x;

0 if t ¼ x;

	1 if tox:

8><
>: ð15Þ

Then

jL

n; a sgn

ðaÞ
x ðxÞjp2aAaffiffiffi

n
p 3tbðxÞ

s3ðxÞ þ 1ffiffiffiffiffiffi
2p

p
sðxÞ

 !

for nXn0ða; xÞ; where Aa ¼ maxf1; ag; 0otp0:8; n0ða;xÞ ¼ 1 if aX1 and

n0ða; xÞ ¼ ð4bðxÞ=s3ðxÞÞ2 if 0oao1:

Proof. Choose lAJn such that xA½an;l ; an;lþ1Þ � In;l\fan;lþ1g: It is clear that

L

n; a sgn

ðaÞ
x ðxÞ ¼ ð2a 	 1Þ

X
k4l

Q
ðaÞ
n;kðxÞ 	

X
kol

Q
ðaÞ
n;kðxÞ

þ jIn;l j	1
Q

ðaÞ
n;l ðxÞ ð2a 	 1Þðan;lþ1 	 xÞ 	 ðx 	 an;lÞ

� �
¼ 2a

X
k4l

Q
ðaÞ
n;kðxÞ 	 1þ 2aQ

ðaÞ
n;l ðxÞjIn;l j	1ðan;lþ1 	 xÞ;

i.e.

jL

n; a sgn

ðaÞ
x ðxÞjp2a

X
j4l

pn; jðxÞ
 !a

	 1

2a

�����
�����þ 2aQ

ðaÞ
n;l ðxÞ:

1� Assume that aX1: Applying (10) and the inequality jua 	 vajpaju 	 vj ðu; vX0Þ
we get

jL

n; a sgn

ðaÞ
x ðxÞjpa2a

X
j4l

pn; jðxÞ 	
1

2

�����
�����þ pn;lðxÞ

 !
:

In view of the Berry–Esséen Theorem [2, p. 515]; [3, p. 93],

X
j	nxptsðxÞ

ffiffi
n

p
pn; jðxÞ 	

1ffiffiffiffiffiffi
2p

p
Z t

	N

expð	u2=2Þ du

������
������p

tbðxÞffiffiffi
n

p
s3ðxÞ
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for all nAN; tAR; where 0oto0:8: From this and from the assumption k=nAIn;k for

all kAN; we have

X
j4l

pn; jðxÞ 	
1

2

�����
����� ¼

X
j	nx40

pn; jðxÞ 	
1

2

�����
�����p tbðxÞffiffiffi

n
p

s3ðxÞ ð16Þ

and

pn;lðxÞ ¼
X
jpl

pn; jðxÞ 	
X

jpl	1

pn; jðxÞp
2tbðxÞffiffiffi
n

p
s3ðxÞ þ

1ffiffiffiffiffiffi
2p

p
Z s2

s1

expð	u2=2Þ du;

where s1 ¼ ðl 	 1	 nxÞ=sðxÞ
ffiffiffi
n

p
; s2 ¼ ðl 	 nxÞ=sðxÞ

ffiffiffi
n

p
: Consequently,

pn;lðxÞp
2tbðxÞffiffiffi
n

p
s3ðxÞ þ

1ffiffiffiffiffiffiffiffi
2pn

p
sðxÞ

for all nAN:

Thus, the desired estimate for aX1 is established.
2� Consider now the case 0oao1: By the mean value theorem,

X
j4l

pn; jðxÞ
 !a

	 1

2a

�����
����� ¼ aðxn;lðxÞÞa	1

X
j4l

pn; jðxÞ 	
1

2

�����
�����;

where xn;lðxÞ lies between 1
2
and Sj4lpn; jðxÞ: In view of (16) we have Sj4lpn; jðxÞ41

4

for all n4n0ðxÞ ¼ ð4bðxÞ=s3ðxÞÞ2: Hence ðxn;lðxÞÞa	1p41	a for n4n0ðxÞ and

X
j4l

pn; jðxÞ
 !a

	 1

2a

�����
�����p tbðxÞffiffiffi

n
p

s3ðxÞ

since a41	ap1: Further

Q
ðaÞ
n;l ðxÞ ¼ qa

n;lðxÞ 	 qa
n;lþ1ðxÞ ¼ aðzn;lðxÞÞa	1

pn;lðxÞ;

where qn;lþ1ðxÞozn;lðxÞoqn;lðxÞ: But, in view of (16),

zn;lðxÞ4qn;lþ1ðxÞ ¼
X

jXlþ1

pn; jðxÞ4
1

4
for n4n0ðxÞ:

Hence

Q
ðaÞ
n;l ðxÞoa41	apn;lðxÞp

2tbðxÞffiffiffi
n

p
s3ðxÞ þ

1ffiffiffiffiffiffiffiffi
2pn

p
sðxÞ

for n4n0ðxÞ:

Collecting the results we get our estimate for 0oao1; and the proof is
complete. &
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3. Proofs of theorems and remarks

Proof of Theorem 1. It is easy to see that under the assumptions of Theorem 1, the
function f can be represented in the form

f ðtÞ ¼ 2	a f ðxþÞ þ ð1	 2	aÞ f ðx	Þ þ gxðtÞ þ 2	að f ðxþÞ 	 f ðx	ÞÞ sgnðaÞx ðtÞ

þ ð f ðxÞ 	 2	a f ðxþÞ 	 ð1	 2	aÞ f ðx	ÞÞdxðtÞ;

where gx; sgn
ðaÞ
x are defined by (4) and (15), respectively, and dxðtÞ ¼ 0 if

tax; dxðxÞ ¼ 1 (see [9, p. 381]). Consequently,

L

n; a f ðxÞ 	 2	a f ðxþÞ 	 ð1	 2	aÞ f ðx	Þ

¼ L

n; agxðxÞ þ 2	að f ðxþÞ 	 f ðx	ÞÞL


n; a sgn
ðaÞ
x ðxÞ: ð17Þ

Using the representation (12) we can write

L

n; agxðxÞ ¼

Z
Ixð	1Þ

þ
Z

Ixð1Þ

 !
gxðtÞHðaÞ

n ðx; tÞ dt þ
Z

Rxð1Þ
gxðtÞHðaÞ

n ðx; tÞ dt;

where Ixð	1Þ ¼ ½x 	 1; x�-I ; Ixð1Þ ¼ ½x; x þ 1�-I and Rxð1Þ ¼ I\½x 	 1; x þ 1�:
Clearly, Rxð1Þ is empty if neither of the points x 	 1; x þ 1 belongs to I : The
estimates for the first two integrals are given in Lemma 2, in which we put g ¼ gx and
h ¼ 	1 or h ¼ 1; respectively. Using the obvious inequality

vjðgx; Ixð	uÞÞ þ vjðgx; IxðuÞÞp2vjðgx;YxðuÞÞ;

where u40;YxðuÞ ¼ ½x 	 u; x þ u�-I ; we easily get the estimate for the sum of these
two integrals. Since jgxðtÞj ¼ jgxðtÞ 	 gxðxÞjpv1ðgx; IÞ; we haveZ

Rxð1Þ
gxðtÞHðaÞ

n ðx; tÞ dt

�����
�����p2lðaÞn ðxÞv1ðgx; IÞ;

by Lemma 1. Thus the estimate for jL

n; agxðxÞj is established. Now, it is enough to

apply identity (17) and the estimate of jL

n; asgn

ðaÞ
x ðxÞj given in Lemma 3, and the

proof is complete. &

Proof of Theorem 2. If fABVpðIÞ; then in view of (5),

Xm	1

j¼1

1

j3
vjðgx;Yxð j=

ffiffiffi
n

p
ÞÞp

Xm	1

j¼1

1

j2þ1=p
Vpðgx;Yxð j=

ffiffiffi
n

p
ÞÞ

p
22þ1=p

ð
ffiffiffi
n

p
Þ1þ1=p

Z m=
ffiffi
n

p

1=
ffiffi
n

p
1

t2þ1=p
Vpðgx;YxðtÞÞ dt
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p
21þ1=p

ð
ffiffiffi
n

p
Þ1þ1=p

Z n

1

1

ð
ffiffi
s

p
Þ1	1=p

Vpðgx;Yxð1=
ffiffi
s

p
ÞÞ ds

p
21þ1=p

ð
ffiffiffi
n

p
Þ1þ1=p

Xn

k¼1

1

ð
ffiffiffi
k

p
Þ1	1=p

Vpðgx;Yxð1=
ffiffiffi
k

p
ÞÞ

and

1

m2
vmðgx;Yxð1ÞÞp

1

m1þ1=p
Vpðgx;Yxð1ÞÞp

21þ1=p

ð
ffiffiffi
n

p
Þ1þ1=p

Vpðgx;Yxð1ÞÞ:

Moreover, v1ðgx; IÞpVpðgx; IÞ: Estimate given in Theorem 2 follows now from

Theorem 1 and assumption (9), immediately. &

Remark 1. Let us observe that

Xm	1

j¼1

1

j3
vjðgx;Yxð j=

ffiffiffi
n

p
ÞÞp

Xm	1

j¼1

1

j2
v1ðgx;Yxð j=

ffiffiffi
n

p
ÞÞ

p
4ffiffiffi
n

p
Z m=

ffiffi
n

p

1=
ffiffi
n

p t	2v1ðgx;YxðtÞÞ dt

p
4

m

Xm

k¼1

v1ðgx;Yxð1=kÞÞ

and that v1ðgx;Yxð1=kÞÞ is the oscillation of the function gx on the interval
Yxð1=kÞ ¼ ½x 	 1=k; x þ 1=k�-I : Consequently, in view of the continuity of gx at x

we have

lim
m-N

1

m

Xm

k¼1

v1ðgx;Yxð1=kÞÞ ¼ 0:

Also

lim
n-N

1

ð
ffiffiffi
n

p
Þ1þ1=p

Xn

k¼1

1

ð
ffiffiffi
k

p
Þ1	1=p

Vpðgx;Yxð1=
ffiffiffi
k

p
ÞÞ ¼ 0:

Hence, under assumption (9) the right-hand sides of the inequalities given in
Theorems 1 and 2 converge to 0 as n-N:

Remark 2. A result similar to that of Theorem 2 for functions f of bounded
F-variation in the Young sense on I can be obtained too (cf. [6, Corollary 1]).
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4. An example

Our general results can be applied to concrete operators of the form (3) generated
by the known discrete Feller operators (1) such as the Bernstein polynomials, the
Szász–Mirakyan operators or the Baskakov ones. It suffices to find the correspond-

ing values of the variance s2ðxÞ and all parameters in conditions (6) and (9). As an
example we consider only the kantorovichians of the Baskakov–Bézier operators.
Namely, let

Un f ðxÞ ¼
XN
j¼0

f ð j=nÞpn; jðxÞ; pn; jðxÞ ¼
n þ j 	 1

j

 !
x jð1þ xÞ	n	j

for xAI ¼ ½0;NÞ be the classical Baskakov operators. Denote by U

n; a f the

corresponding operators of the form (3), in which Jn ¼ N0; In;k ¼ ½k=n; ðk þ
1Þ=n�; jIn;kj ¼ 1=n for all kAN0: As is known, in this case s2ðxÞ ¼ xð1þ xÞ and

bðxÞ ¼
XN
j¼0

j j 	 xj3p1; jðxÞp
XN
j¼0

ð j 	 xÞ2p1; jðxÞ
 !1=2 XN

j¼0

ð j 	 xÞ4p1; jðxÞ
 !1=2

¼ xð1þ xÞð1þ 9x þ 9x2Þ1=2p3xð1þ xÞ2:

Therefore conditions (6) hold at every xAð0;NÞ and for expression (8) we have the

estimate: DðxÞp8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ=x

p
: Further, it is easy to verify that

m
n;2ðxÞ ¼
xð1þ xÞ

n
þ 1

3n2
p
1þ xð1þ xÞ

n
for all nAN:

1� Let aX1: Then condition (9) is satisfied with caðxÞ ¼ að1þ x þ x2Þ for all x40
and nXnðaÞ; where nðaÞ ¼ 1: Consequently, for operators U


n; a f one can deduce

estimates as in Theorems 1 and 2. We will formulate only the result following from
Theorem 2.

Corollary 1. If fABVpðIÞ; where I ¼ ½0;NÞ; pX1; and if aX1 then for all x40 and

nAN we have

jU

n; a f ðxÞ 	 2	a f ðxþÞ 	 ð1	 2	aÞ f ðx	Þj

p
16ð1þ 8að1þ x þ x2ÞÞ

ð
ffiffiffi
n

p
Þ1þ1=p

Xn

k¼1

1

ð
ffiffiffi
k

p
Þ1	1=p

Vpðgx;Yxð1=
ffiffiffi
k

p
ÞÞ

þ 2að1þ x þ x2Þ
n

Vpðgx; IÞ þ 8affiffiffi
n

p
ffiffiffiffiffiffiffiffiffiffiffi
1þ x

x

r
j f ðxþÞ 	 f ðx	Þj;

where Yxð1=
ffiffiffi
k

p
Þ ¼ ½x 	 1=

ffiffiffi
k

p
; x þ 1=

ffiffiffi
k

p
�-½0;NÞ:

2� Let 0oao1: In order to verify condition (9), we need to estimate the function

ðm
n;2=aðxÞÞ
a:Write l ¼ 2=a and denote by ½l� the greatest integer not exceeding l: As in
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[8, Lemma 6] choose the numbers:

p ¼ 2½l�
2½l� þ 2	 l

; p0 ¼ 2½l�
l 	 2

; r ¼ 2

p
; s ¼ 2n

p0 ; n ¼ ½l� þ 1:

Clearly, l42; p41; p041; 1=p þ 1=p0 ¼ 1 and l ¼ r þ s: Applying twice the Hölder
inequality (first for integrals, next for sums) we obtain

Z
In;k

jt 	 xjl dtp
Z

In;k

jt 	 xjrp
dt

 !1=p Z
In;k

jt 	 xjsp0
dt

 !1=p0

and then

m
n;lðxÞpðm
n;2ðxÞÞ
1=pðm
n;2nðxÞÞ

1=p0 :

Since nAN; we have

m
n;2nðxÞ ¼ n
XN
k¼0

pn;kðxÞ
Z ðkþ1Þ=n

k=n

ðt 	 xÞ2n dt¼ 1

ð2nþ 1Þn2n

X2n
i¼0

2nþ 1

i

 !
Tn;iðxÞ;

where

Tn;iðxÞ ¼
XN
k¼0

pn;kðxÞðk 	 nxÞi:

From the representation of Tn;iðxÞ given in [4, Corollary 3.7] it may be concluded

that

m
n;2nðxÞp
cðnÞ
nn ð1þ xÞ

Xn
j¼0

ðxð1þ xÞÞ j for all xAI ; nX1;

where cðnÞ is a positive constant depending only on n: Therefore

m
n;lðxÞp cðnÞð1þ xð1þ xÞÞ1=p ð1þ xÞ
Xn
j¼0

ðxð1þ xÞÞ j

 !1=p0

n	ð1=pþn=p0Þ

p cðnÞ
Xn
j¼0

x jð1þ xÞ jþ1
n	1=a:

This means that lðaÞn ðxÞ ¼ 21	aðm
n;2=aðxÞÞ
apcaðxÞn	1 for all nAN; where

caðxÞ ¼ kðaÞ
X½2=a�þ1

j¼0

x jð1þ xÞ jþ1

 !a

;

and kðaÞ is a positive constant depending only on a: Consequently, if 0oao1; then
estimates given in Theorems 1 and 2 hold for operators U


n; a f with the above values

of lðaÞn ðxÞ;caðxÞ and with nðaÞ ¼ 1; n0ða;xÞp144ð1þ xÞ=x; DðxÞp8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ=x

p
:
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